The canonical quantization of a two dimensional gravitational action on a black hole is performed. It is shown that the equivalent uncertainty relations can explain typical quantum effects by black holes.
Already in the original approach to quantum effects by black holes (BH) [1] there are various hints to the main role played by the underlying two dimensional spatial structure (2D) in these effects. Nevertheless, the dominance of four dimensional relativistic point of view in classical physics and the hierarchy of local point of view in quantum physics drown these hints.
Since the rise of geometrical, i. e. global or topological point of view in quantum theories in eighties [2] and also the actuality of low dimensional topological field theories [3] in view of topological quantum effects [4] , one is free from these hierarchies. So that a careful 2-or (2 + 1) dimensional theory can be considered now as serious as the four dimensional ones.
To these hints in direction of 2D background of quantum effects by BH, it belongs at first sight the remarkable discrepance between the geometrical quantum theoretical units (of mass and length) where M Q ∼ L −1 and the general relativistic geometrized units where
One can interprate this relation, from geometrical point of view, as the superficiality of L 2 dimensions in general relativity.
The second hint is already obvious from the structure of Einstein-Hilbert action, where in view of L −2 dimensionality of curvature svcalarR and L 4 dimensionality of four volume, one is forced to multiply it by a constant of dimension L −2 to get a dimensionless invariant. Hence, it is this circumstance which leads to unrenormalizability of this action [5] .Thus here also the four dimensionality of volume is retainted, in view of L −2 dimensionality of the main ingredient of general relativityR, only with the help of extra
Hence, just this intervention by M 2 P l which retains the four dimensionality of the classical action prevents its quantization. From this hints one can conclude (carefully) that quantization is some how related with 2D structure, because the disturbing term is introduced to compensate the L 2 part of
The third hint comes from the original approach where the BH entropy is given by S = (constant) · 1 4 A (3D) with A the area of BH event horizon(s). Now the area of S 2 which is the general topological 3D object, is 4πr 2 . One quarter of which is just the area of the disc which is the general topological 2D object. Therefore, the entropy S should be considered to be proportional to the area of the 2D surface and not to the area of a 3D object, i. e. S = (constant) · A (2D) .
In other words, it is only the hierarchy of four dimensional point of view which forces one to consider the one quarter relation between area and entropy, whereas in two dimensional case there is a direct relation between them.
Nevertheless, even the general proportionality between the entropy and the area in the original four dimensional approach, in view of the fact that area is a two dimensional invariant, shows the fundamental importance of 2D structure also within higher dimensional manifolds where such an entropy is definable.
As the last hint let us mention the constraint disadvantage of four dimensional bosonic theories, e. g.
general relativity. Such constraints arise from the superficiality of the time component of dynamical variable of theory which can not be a dynamical component in view of the canonical or symplectic structure of phase space. Recall here that in the so called extended phase spaces, where momentum and position are considered as function of time parameter [6] , time plays the role of canonical conjugate parameter to the Hamiltonian function which is itself a function of momentum and position variables.
Hence we have to do by variables: momemtum, position, time and Hamiltonian, with four dependent quantities in phase space from which only two are independent dynamical ones.
A geometrical analysis of the original approach shows that the underlying model is, with respect to the quantum effect, i.e. the particle creation by BH, a two dimensional model. Hence the responcible quantum effect in BH is a "Bohm-Aharonov" like gravitational effect. Hereby the gravitational curvature field plays the same role as the magnetic field in Bohm-Aharonov effect. Moreover, it is a typical global quantum phase effect which rises by a global comparison between quantum operations in two spatially Now we will show that the same result as in the original approach, i.e. the particle creation by BH, can be achived in case of two dimensional Riemannian manifold by a canonical quantization of two dimensional gravitational system of BH:
If the two dimensional surface of BH can be considered as a compact orientable Riemannian manifold without boundary and if the strength of BH gravitational field which is given by the curvature 2f ormR = R mn dx m ∧ dx n is enough high with respect to the area of BH, then the flux of curvature tensor on the BH (surface) can be quantized by postulating:
As a result of this quantization one has an uncertainty relation: R·∆A ≥h where R := 1 2 ǫ mn R mn , ǫ mn = −ǫ mn = 1 is the spatially constant component of curvature, i. e. of gravitational field strength which is prependicular to the surface and A is the area of surface of BH. This uncertainty is then responsible also for particle creation by BH (see below).
In other words we look on quantum effects which are caused by the quantization of the above action 
Moreover the original approach looks on the influence of the curved metric structure on the quantization of Φ with respect to the energy time relation in this system, whereas we look here on the influence of curvature two form on the quantization of W G with respect to the momentum position relation. However note that in a curved manifold M the curvature two form and metric structure are different features of the same curvature property of manifold and there are two functionals which can give information about the global structure of such a manifold which have influence on the global quantum structure defined thereon: One is the celeberated Morse or energy functional which is constructed by the metric: The main difference with respect to the dimensional structure of models is only due to the fact that the curvature form is involved in the dimension of volume (integral), whereas the metric is not involved in the dimension of volume.
Later we prove also that such a two dimensional quantization is mathematically and also quantum theoretically reasonable and it can explain the increase of area and entropy of black holes.
The main reason for such a quantum effect in two dimensions is that quantum effects are invariant (global) effects which are based in principle on the existence of a quantum structure on the phase space of physical system which itself is based on the existence of a flat complex line bundle (∼ U (1) f lat ) over the phase space and not on any dimension dependent structure of its configuration space. Thus the reason that such a two dimensional quantization can be responsible for quantum effects, which are originally formulated for a four dimensional theory, is that quantization is by no means related with the dimension of space-time. In other words the number of dimensions of space-time has no influence on the quantization and even on the quantum effects which are caused by quantization in view of space-time curvature.
Moreover the mentioned flat principal U (1) bundle is closely related with the symplectic structure of phase space of system ω = dπ a ∧ dq a , a= 1,..., k [6] , which is at least two dimensional in the sense that k = 1 and π 1 := ω 12 q 2 and ω := ω 12 dq 2 ∧ dq 1 , ω 12 = −ω 21 . Thus the two dimensional action (surf ace) R mn dx m ∧ dx n , i.e. the curvature form can admit a symplectic structure on the surface by defining dπ n := R mn dx m . Hence for physically reasonable situations, e. g. for strong curvature or gravitation, it can be expected that we meet quantization on such a symplectic structure.
Recall that in this case ω is spatially constant or closed dω ≡ 0 as like as any 2f orm on the two dimensional manifold and ω mn has dimension L −2 , hence ω 12 q 2 has dimension L −1 as expected for a momentum. Here ω 12 can be considered as the so called almost complex structure on the two dimensional manifold, which exists, at least locally, on any 2k dimensional manifold. However, if as in this case the almost comlex structure is constant, then in view of vanishing of Nijenhuis tensor the symplectic manifold can be considered as a complex manifold which admits a global complex structure. Moreover it is also an integrable complex structure [8] . Note also that R mn (∼ ω mn ) can be considered as the constant almost complex strucure on the two dimensional manifold under consideration. This constance of almost complex structure results then in vanishing of Nijenhuis tensor on the considered two dimensional (surface) mamifold, so that the surface of integration in W ∼h, then this system is a quantum system [9] and the quantization structure can be described by
From the point of view of geometric quantization [7] this quantization is due to the integrality of the first Chern class ch 1 ∈ Ω 2 (M ; U (1) f lat ) on the mentioned flat U (1) bundle, i. e. in the 2D case 
Therefore considering the complexified curvature formR ∈ Ω 2 (M 2D ; C) on the complexified 2D com- If so, then it is this geometric quantization on the flat U (1) bundle over M 2D , i. e. on the complexified M C 2D , with R mn dx m ∧ dx n as the constant curvature 2f orm of BH that is responsible for quantum effects by BH, in view of uncertainty relations |R mn · ∆x m · ∆x n | = R · ∆A ≥h. This is a quantum theoretical background for the increasing of BH area and also as it will be discussed for the increasing of microscopic entropy.
The equivalent commutator postulate for this canonical quantization is R[x m ,x n ] = −ihǫ mn (see below), wherebyx m is the quantum operator related to the function x m on the phase space of system which is given in the polarized phase space of system [10] byx m := −ih ∂ ∂x n , if the operatorx n acts on the wave function of system in this representation as x n [11].
Note that the above uncertainty relation is related with the particle production by BH, since the momentum of such particles can be considered as to be of order ∆p m = |R mn | · ∆x n , then the above uncertainty relation is equivalent to ∆p m · ∆x m ≥h.
Again from the point of view of geometric quantization, which defines a quantization by a polarization of the underlying symplectic manifold, say M 2D , the reason that such a "spatial" quantization is possible is that in accord with Hirzebruch-Riemann-Roch theorem on a compact complex manifold without boundary, say on M C 2D , the Euler characteristic is given by χ :=
where
Thus the surface integral of the curvature two form on the real manifold M 2D is equal to the integral of holomorphic first Chern class ch 1 (T M + ) on the complexified manifold. Note that on the one hand ch 1 (T M + ) = ch 1 (T M ; U (1) f lat ) and on the other hand the geometric quantization of this system requires that just the integral of this first Chern class on M should be a multiple of Plank's constant.
Here the required complexness of the underlying manifold by the Hirzebruch-Riemann-Roch theorem is given by the property that this two dimensional manifold M is a real manifold with vanishing Nijenhuis tensor. Hence it admits a global complex structure which simulates the global flat U (1) bundle structure which is required to define the first Chern class.
In other words, in view of the fact that Euler characteristic on a two dimensional orientable manifold without boundary M := M 2D is always given by χ := M R(T M ) and in accord with the above theorem the quantization which is achived by the integrality of first Chern class on a flat U (1) bundle over this two dimensional manifold can be expressed by the integrality of the mentioned Euler class, i. e. by
To see a physical example of such a spatial quantization let us recall the example of cyclotron motion of electrons in a strong magnetic field which is due to a similar two dimensional quantization in presence of the closed electromagnetic 2f orm. In this two dimensional case the canonical quantization is given, similar to the experimentally varified flux quantization, by postulating: Obviously this two dimensional electromagnetic quantization is comparable with the above quantization of two dimensional gravity. Thus the magneto-quantization on the two dimensional system is due to the applied strong constant magnetic field B, whereas the gravito-quantization is due to the strong constant gravitational field R of BH.
A geometrical analysis of this quantum structure shows that the curvature tensors F mn or R mn act here as global almost complex structres on respective two dimensional manifolds which provide the underlying two dimensional manifolds with the flat U (1) structure that is necessary for the geometric quantization of respective action functionals. Hence it is the values of these tensor field strength and of respective intercation areas that determine the value of action functional which decides about the dominance of quantum or classical level of intercation. Moreover in both cases it is the quantized phase change ∆φ ∼ ∆W = Ω ∼h that is considerable as a quantum effect. This phase change gives rise to uncertainty relations which can be interprated as particle production.
However, whereas the two dimensional electromagnetic quantization is verifiable in strong magnetic fields by cyclotron motion or flux quantization, the two dimensional gravitational quantization is, in view of the 10 −40 weakness of gravitational interaction with respect to electromagnetic interaction, only verifiable in very strong gravitational field of BH.
In other words, if the value of action functional of a two dimensional gravitational system is of orderh then this system can be considered as a quantum gravitational system on the compact orientable two dimensional Riemannian manifold M without boundary and its quantization should be described by It is also possible to relate this gravitational length with the plank length l In analogy with electromagnetic case the minimum width of contour region is given by the gravitational length l G which can not be undercut in quantum gravitional cases.
Furthermore as it is mentioned above, in view of the uncertainty relations, there are amount of momentum ∆Γ =h Gl G which can be considered as radiated, i. e. as belonging to the region outside of BH. This particle creation is related with the indeterminacy of counter area as it is discussed above. Of course one can relate this particle creation also with the energy time uncertainty relation which is equivalent to momentum position uncertainty relation or to the area uncertainty relation as discussed above.
To compare our time independent approch with the original one note that as in any time dependent system we can also use the extended phase spaces [6] where the phase space variables, e. g. ∆Γ m · ∆x m ∼ ∆E G · ∆t ≥h. In this sence within the time ∆t the "free" amount of gravitational energy ∆E G ≥h ∆E G can transforms into pair production energy. Recall however that the connection-position uncertainty, which also can be responsible for the pair production by BH, was already derived by the time independent canonical quantization of gravitational system.
Thus the following temperature uncertainty ∆T can be calculated from the relation between energy and entropy by ∆E G =h · ∆S · ∆T where ∆S = (h) −1 · ∆W G . In this manner the increase of entropy and area of BH are related together and with the particle production in accord with ∆Γ m · ∆x m ∼
Recall that as it is mentioned above ∆S ∼ ∆A > 0 are always positive and
Therefore, the thermodynamics of BH can be obtained also from the quantized two dimensional approach.
For example to reduce the BH temprature to zero, i. e. to arrive ∆T = 0 in accord with the above uncertainty relations, one needs infinite amount of time ∆t → ∞ or infinite amount of entropy ∆S → ∞.
As a conclusion let us mention that a precize comparison between two approaches is of course possible with respect to the transition from two into four dimensional theory. Part of this is already sketched by notion of extended configuration and phase space where our approach can be considered as (2 + 1) dimensional model. The other part in this context is obvious from the so called ADM (3 + 1) decomposition which is usual in studying of quantum structure of four dimensional model. However the question of remaining spatial dimension requires a new concept of embedding which should be worked out seperately.
Nevertheless to compare this model with the original model [1] recall that the main invariant in the original model is the harmonic function φ(x) ∈ Harm 0 (M 4D ) which is defined by 2φ(x) = 0. In our case we look on the curvature 2f orm on a two dimensional manifold which belongs to the second cohomology group H 2 (M 2D ). However in view of Poincare and de Rham theorems
Thus the invariant structure of intrest in our case also can be Harm 0 (M 2D ). Recalling the constant L 2 dimensional factor in the four dimensional theory it seems that the main invariant structure in both models, disregarding such constant factors, are harmonic functions Harm 0 which are originated on a two dimensional structure within the 3 + 1 manifold.
A more pictorial relation between a harmonic function φ and curvature two formR ∈ H 2 can be given by φ = R and between Φ and φ functions can be given by Φ ∼ exp(iφ).
Furthermore it seems that the event horizon of BH is comparable with the contour region in our approach where the integral contour Γ takes place and which has in quantized case contour Γ m dx m = N h a width of ∆x m > 0. The effect of strong curvature F or R is to bind particles to move in this contour region as like as in a potential well which is, properly, caused by the strong field of curvature. In quantum gravitational case one can expect that the absorbed particles by BH are bound in the contour region of BH flowing permanently in this region so that they can not scape from this region as long as the gravitational field is stronger than possible repulsive fields acting on these particles.
As a last remark let us mention that this model has consequences for the possible quantum structure of "space-time" which will be deiscussed elswhere. Nevertheless the first lesson from this model for quantum spaces is that such quantum structures are possible in two spatial dimensions. Recall that although there are various models of quantum space-times [15] , nevertheless no one of them gives a complet canonical quantization with respect to a possible phase space quantization or action functional quantization. Since any correct quantum commutator potulate or uncertainty relation is equivalent to both of these quantization procedures. Moreover, in view of the dimensional discussion at the begining of this paper and in acoord with the mentioned two dimensional structure within the original four dimensional approch, it seems that any renormalizable quantum theory of space-time or of related quantum effects should be equivalent to some two dimensional quantum structures. These and other general aspects of model will be discussed elswhere.
However one may ask that whether the two dimensional quantization takes place, what is with the 3 + 1 dimensional gravity and general relativity. This is of course a question of classical limit of such a two dimensional quantum gravity. One way is to look on a direct classical limit of the above quantum model.
The other way is to consider the classical limit by embeding of quantum invariants in a classical 3 or 3 + 1 dimensional manifold. The two dimensional classical gravity limit of this model will appear seperately [16] .
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